We study the electronic properties of commensurate faulted bilayer graphene by diagonalizing the one-particle Hamiltonian of the bilayer system in a complete basis of Bloch states of the individual graphene layers. Our novel approach is very general and can be easily extended to any commensurate graphene-based heterostructure. Here, we consider three cases: i) twisted bilayer graphene, ii) bilayer graphene where triaxial stress is applied to one layer, and iii) bilayer graphene where uniaxial stress is applied to one layer. We show that the resulting superstructures can be divided into distinct classes, depending on the twist angle or the magnitude of the induced strain. The different classes are distinguished from each other by the interlayer coupling mechanism, resulting in fundamentally different low-energy physics. For the cases of triaxial and uniaxial stress, the individual graphene layers tend to decouple and we find significant charge transfer between the layers. In addition, this piezoelectric effect can be tuned by applying a perpendicular electric field. Finally, we show how our approach can be generalized to multilayer systems.
I. INTRODUCTION
Ever since the discovery of graphene 1 , a lot of research has been devoted to its electronic properties 2 . Subsequently, attention turned to bilayer graphene, a set of two graphene layers that are coupled via weak van der Waals forces 3 . Its electronic properties depend strongly on the stacking configuration. The two most common highsymmetry configurations, AA and AB (Bernal) stacking, have a drastiscally different energy spectrum 5, 6 . In realistic samples, however, this symmetry is easily broken as a consequence of mechanical forces acting on the sample, leading to faulted bilayer graphene. Furthermore, the increased control of the number of graphene layers in few-layer systems 7, 8 has created opportunities to engineer new types of deformations of the perfect bilayer system.
The deformation of any graphene system generally results in an additional periodicity with a length scale much larger than the nearest-neighbor interatomic distance. The best known example of such superstructures can be found in twisted bilayer graphene, where the two layers are rotated with respect to each other, leading to the appearance of moiré patterns 9 . Another example is given by bilayer graphene where mechanical stress is applied to only one of the layers. The electronic properties of these structures were, for example, studied with standard tight-binding 10, 11 or first-principle calculations 12, 13 . When the layers are only slightly deformed, however, this can be a formidable task because the unit cell becomes increasingly larger for smaller deformations and one must resort to continuum models [14] [15] [16] [17] [18] [19] [20] . Also, these methods do not give much insight into the interlayer coupling mechanism between the two graphene layers. This is highly relevant for faulted bilayer graphene systems, since charge carriers reside in both layers, in contrast to heterostructures made from graphene and an insulating substrate such as hexagonal boron nitride [21] [22] [23] [24] . It is therefore advantageous to consider a different approach. For twisted bilayer graphene, some effective models have been constructed [14] [15] [16] [17] based on the assumption that, since one is often only interested in the low-energy physics, the electronic properties of the separate layers can be approximated by Dirac cones. These models are usually further limited to small twist angles for which intervalley coupling can be neglected 14, 16 . On the other hand, the case of uniaxial stress applied to one of the layers of bilayer graphene has not been studied in depth 25, 26 . Moreover, the case of triaxial stress applied to one of the layers has, to the best of our knowledge, not yet been investigated. In both systems where stress is applied to one layer, we find that charge can be transferred between the layers. Therefore, applying triaxial or uniaxial stress to one of the layers of bilayer graphene results in a piezoelectric effect. Recently, there has been a growing interest in bilayer systems that exhibit piezoelectricity, for example in asymmetrically doped twisted bilayer graphene 27, 28 , in graphene doped with surface atoms 29 , and in twodimensional MoS 2 30,31 and graphene nitride 32 .
In this paper, we present a model for commensurate faulted bilayer graphene by diagonalizing the one-particle Hamiltonian in a complete basis of Bloch states of the individual graphene layers. This model naturally includes intervalley scattering between the Dirac cones of the individual layers and works for any commensurate twist angle or strain. Moreover, our model can be applied to any commensurate bilayer system, it provides a clear recipe for constructing a low-energy model, and it can be easily extended to multilayer systems.
The paper is organized as follows. In Sec. II we construct a general theory for commensurate faulted bilayer graphene. Subsequently, we consider twisted bilayer graphene in Sec. III and we show that our approach reproduces known results from the literature. Next, in Sec. IV and Sec. V, we consider bilayer graphene where one of the layers is subjected to triaxial or uniaxial stress, arXiv:1604.04513v2 [cond-mat.mes-hall] 1 Sep 2016 respectively. Finally, in Sec. VI we show how our approach can be generalized to multilayer systems and in Sec. VII we conclude by summarizing the main results of this paper.
II. THEORY
Consider bilayer graphene subject to a mechanical manipulation that e.g. rotates or strains the top layer with respect to the bottom layer. Such a deformation generally leads to a commensurate superstructure. The total one-particle Hamiltonian for the p z electrons of a faulted bilayer system can be written aŝ
are the Hamiltonian of the bottom and top layer, respectively, andÛ is the interlayer coupling. For commensurate structures, the one-particle wave function |Ψ k of the faulted bilayer is labeled by a Bloch momentum k that lies in the superlattice Brillouin zone (SBZ). The Schrödinger equation becomes
with E k the energy eigenvalue. To proceed, we insert a complete basis of Bloch states Φ i,χ κ of the individual layers and project it onto Φ i,χ k+G |:
where i, i = b, t is a layer index and χ, χ = A, B is a sublattice index. To satisfy Bloch's theorem, |Ψ k can only contain basis states at momenta k +G, where G is a reciprocal superlattice vector that lies inside the Brillouin zone (BZ) of the respective layer. The basis states are therefore labeled by four indices and are explicitly given by
with N i the number of unit cells of the ith layer, R i χ a lattice vector of sublattice χ in layer i, and |ϕ R i χ the p z state of the atom at R i χ [33] . The matrix elements of the intralayer Hamiltonian are nonzero only for basis states with the same layer index and the same momentum. In the nearest-neighbor approximation, the intralayer matrix elements become
three nearest-neighbor bond vectors of layer i with γ i 0j the corresponding intralayer hopping parameters. These parameters are not isotropic in the case of uniaxial strain. For pristine graphene, we have γ i 0j = γ 0 = 3.12 eV [34] . In order to calculate the interlayer coupling matrix elements, we first note that
whereT L is the translation operator, L is a superlattice vector, and we used the fact that the interlayer couplinĝ U has the same periodicity as the superlattice. It follows that the interlayer coupling matrix elements vanish unless κ − κ = G, since G · L = 2πn with n an integer. Consequently, we only need to calculate the matrix element
where G is another reciprocal superlattice vector. We further assume that
only depends on the distance between the atoms. Usually, the following ansatz is used to model this function 14, 16 :
where r is the in-plane distance, γ 1 = 0.377 eV is the interlayer hopping parameter (for AB stacking) between atoms that lie on top of each other, and c = 3.35Å is the interlayer distance 34 . The value of γ 1 in reality depends on the environment of the eclipsing atoms, but this only leads to small quantitative differences. We have chosen α such that U (a 0 ), with a 0 = 1.42Å the interatomic distance 35 , reduces to the interlayer skew hopping parameter γ 4 of pristine bilayer graphene. Taking γ 3 instead gives small quantitative differences. For γ 4 = 0.12 eV [34] , we obtain α = 13.29.
The sum in Eq. (7) can be simplified by noticing that the sum over R
with S SC the supercell area, and S b and S t the unit cell area of the bottom and top layer, respectively. Since
can be truncated. We have checked convergence of the interlayer matrix elements for all results. Putting everything together and writing the basis coef-
for χ = A, B and G inside the BZ of the bottom (top) layer for the first (second) equation. For each k, we obtain an eigenvalue equation whose solutions give the energy eigenvalues and eigenstates of the superstructure. The size of the matrix that has to be diagonalized is equal to 2(n b + n t ), where n b (n t ) is the number of reciprocal superlattice points that lie inside the BZ of the bottom (top) layer. Note that this corresponds with the number of atoms in the supercell of the respective layers.
As an example, consider AB-stacked bilayer graphene, for which S b = S t = S SC and only G = 0 has to be considered for both layers. For the case where the B sublattices lie on top of each other, we obtain the correct limit up to lowest order, including skew interlayer hopping 36 ,
in the basis |Φ
. Note, however, that this model cannot distinguish the first-order interlayer skew hopping parameters γ 3 and γ 4 , because we assumed that the interlayer coupling depends only on the distance between atoms and not on the environment of those atoms.
This model can be summarized as follows: In the absence of interlayer coupling, as a consequence of the increased periodicity of the superstructure, the bands of the individual layers fold onto the SBZ such that their original momenta are connected with a certain reciprocal superlattice vector that takes on the role of an additional band index in the SBZ. The interlayer coupling then induces coupling between states folded to the same SBZ momentum (as any other coupling is prohibited by translation symmetry). This generically leads to an avoided crossing. Since the energy reaches a local extremum in an anti-crossing, new peaks appear in the density of states.
Note that this approach can be used for all commensurate bilayer systems and the interlayer coupling can be taken into account up to arbitrary accuracy as long as the ansatz (8) is valid. Despite the fact that we only focus on bilayer structures, this model can easily be extended to multilayer systems. One downside, shared with tightbinding and first-principle calculations, is that calculations become computationally expensive for structures with large supercells. However, the above theory gives a better insight into the interlayer coupling mechanism, allowing for a straightforward low-energy approximation by reducing the amount of basis states. Moreover, perturbatively speaking, states at high energy can also be discarded. This allows one to introduce a suitable cut-off and systematically limit the number of basis states.
On the other hand, in a continuum model, the momentum space of the individual layers is given by the infinite plane, so that the basis is infinitely large. For this case, a cut-off is always necessary to limit the number of reciprocal superlattice vectors. Even though the interlayer matrix elements between states at k + G and k + G become increasingly small as |G − G | becomes large compared to the inverse of the superlattice constant, as we will show later, the low-energy physics is extremely sensitive to perturbations, and failing to take into account intervalley scattering, for example, can possibly lead to inaccurate results for certain structures 16 . Next, we scrutinize the case of twisted bilayer graphene to show that the model expounded in this section correctly describes all known features. We then proceed to novel faulted bilayer systems in which one of the layers is either triaxially or uniaxially strained, and we show that these systems exhibit a piezoelectric effect.
III. TWISTED BILAYER GRAPHENE
One way to obtain a twisted bilayer is to first consider the case of AA-stacked bilayer graphene where the atoms of the individual layers are located above each other, and then rotate the bottom layer over an angle −θ/2 and the top layer over an angle θ/2 around an atomic site, as shown in Figs 
tonian of both layers is then given by
where + (−) corresponds to the bottom (top) layer, H 0 (k) is the Bloch Hamiltonian of pristine graphene given in Eq. (5), and R(θ) is the rotation matrix for an anti-clockwise in-plane rotation over an angle θ. In order to find a commensurate rotation, we demand that another pair of atoms in both layers overlap. If the pair at the rotation center belongs to sublattice A, the positions of the other pair can be written as
and
, respectively, with n, m, m , n integers. Setting m = n and n = m leads to a generic nontrivial twist angle obtained from
where m and n are coprime and θ is taken positive. A generic commensurate twist is therefore characterized by two coprime integers m and n with a twist angle given by Eq. (14) . The primitive superlattice vectors can generically be chosen as
with L c = √ m 2 + n 2 + mn, implying that the Bravais lattice of a twisted bilayer is trigonal. The corresponding reciprocal superlattice vectors are given by
It follows that the SBZ, shown in Fig. 1 (c), has an area given by
so that the amount of reciprocal superlattice vectors that lie inside the BZ of the bottom and top layer is given by
c . The energy bands of a commensurate twisted graphene bilayer with the smallest supercell (m = 2, n = 1) is plotted along the high-symmetry directions of the SBZ in Fig. 2(a) . The results are in good agreement with the literature 17 . In order to highlight the effect of the interlayer coupling, the band structure is also shown without interlayer coupling. As expected, the interlayer coupling generally lifts degeneracies leading to avoided crossings and it breaks the artificial symmetry between the valence and conduction band due to the inclusion of longrange interlayer hoppings. This is similar to the effect of the skew interlayer hopping parameter γ 4 in AB-stacked bilayer graphene 5 . The corresponding density of states (DOS) is shown in Fig. 2(b) . Without interlayer coupling, the DOS is simply twice that of graphene, showing the two van Hove singularities at E = ±γ 0 . With interlayer coupling, the DOS becomes electron-hole asymmetric and obtains additional peaks due to anti-crossings in the band structure.
In Fig. 1(c) , the reciprocal lattice is shown for the (m = 2, n = 1) structure (θ = 21.79
• ). There are seven reciprocal superlattice vectors inside of the BZs of the bottom and top layer in agreement with
We also see that K b and K t , or K b and K t , are folded to different momenta in the SBZ. There is, however, a reciprocal superlattice vector connecting K b and K t , as well as K t and K b , and therefore only intervalley coupling between the layers is present. Furthermore, from the lattice shown in Fig. 1(a) , we find that the only atoms that are located directly above each other come from the same sublattice as the rotation center. These types of structures have C 3 symmetry and are referred to in the literature as sublattice exchange (SE) odd 19, 20 . It is therefore reasonable to expect that the low-energy spectrum is similar to that of AB-stacked bilayer graphene. This is indeed the case, as is shown in Fig. 1(e) , although the Dirac point is shifted up in energy by about 0.5 meV due to long-range interlayer hopping.
Twisted bilayers determined by integers m and n for which |m − n| is a multiple of three, lead to SE even structures. An example of such a system is shown in Fig.  1(b) . For these structures, the primitive and reciprocal superlattice vectors are given by
giving n b = n t = L folded on each other, so that there is only intravalley coupling between the layers for these structures. This is shown in Fig. 1(d) taking (m = 4, n = 1) (θ = 3.15
• ) as an example for which n b = n t = 7. Furthermore, from Fig. 1(b) we see that there are two atoms in the supercell, one of each sublattice, that coincide with atoms of the other layer. These types of structures have C 6 symmetry and are referred to as SE even 19, 20 . Therefore, we expect that, in this case, the low-energy spectrum, shown in Fig. 1(f) , resembles that of AA-stacked bilayer graphene. The Dirac point is again shifted upwards in energy and the skew interlayer hopping results in a tiny gap at |qa| ≈ −0.0005 although it is not visible on the energy scale shown. These properties are generic for SE even structures for which |m − n| is a multiple of three. The low-energy spectra of both classes are in good agreement with the literature 19, 20 .
Different types of twisted structures are possible by rotating around other points of the lattice, such as the center of a hexagon, the middle of an in-plane bond, or an arbitrary point of the lattice, which are indicated in Fig.  3(d) . A rotation around a hexagon center always results in an SE even structure with a low-energy spectrum resembling that of AA-stacked bilayer graphene, as shown in Fig. 3(a) . The interlayer coupling mechanism differs depending on whether |m − n| is a multiple of three or not, resulting in either intra-or intervalley coupling, respectively. Rotating around the middle of a bond results in a structure without C 3 symmetry belonging neither to the SE even or SE odd class. The corresponding lowenergy spectrum is shown in Fig. 3(b) . Note that the Dirac points are displaced from the K point because of the absence of C 3 symmetry. This is also the case for the low-energy spectrum in Fig. 3 Fig. 1(a) throughout the SBZ.
each other by a relative translation. Therefore, these results show some resemblance to the case of shifted bilayer graphene 37 .
In Fig. 4(b) , we show the absolute value of the interlayer coupling matrix elements between a Dirac point of the bottom layer and different states of the top layer for the SE odd system shown in Fig. 4(a) . The matrix elements U G,G decay very rapidly with increasing |G−G |. This is clear from Eq. (9) since the sum becomes increasingly oscillatory, averaging out to zero. As such, a cut-off momentum can be introduced to limit the number of basis states, thus simplifying the problem. However, if we wish to construct a low-energy theory, we must be careful and consider all Dirac points even if they are separated by a large distance in momentum space since they are very susceptible to perturbations. Figure 4 (b) also shows that the matrix elements between different sublattices are very similar.
Finally, we investigate the sublattice dependence of the matrix elements throughout the SBZ. In Fig. 4(c) , we show the ratio of interlayer matrix elements between two different sublattices. We find that near the K point onto which the K b and K t points are folded, the interaction between the A b and A t sublattices dominates over the interaction between the A b and B t sublattices, whereas when moving away from this K point, these interactions become equal in strength. The matrix elements between A b and A t are therefore the dominant interaction between the Dirac cones of different layers. This is to be expected for an SE odd twisted bilayer, as these are the only sublattices located above each other.
IV. TRIAXIAL STRAIN
We start from AA-stacked bilayer graphene and apply tensile triaxial stress to the top layer while leaving the bottom layer unaltered, as shown in Figs. 5(a) and (b) . The lattice vectors and Hamiltonian of the bottom layer are those of single-layer graphene. In order to describe the top layer we have to consider the strain tensor
where ε is the stress-induced strain in the lattice, θ is the direction of the uniform stress with respect to the armchair direction and σ = 0.165 is Poisson's ratio of graphite 39 . Consequently any vector v is deformed up to first order to v = (I 2 +ε) v, where I 2 is the identity matrix. Triaxial strain amounts to uniaxial strain along three axes that form angles of 2π/3. The strain tensor for triaxial strain can thus be written as
with ε tri = 3ε(1 − σ)/2. The lattice vectors of the strained top layer are given by
Since the strain is triaxial, the top layer is effectively a graphene layer with a larger lattice constant, which can be up to 1.25 times larger since graphene can endure an in-plane strain up to 25% [40, 41] . In turn, the strain changes the intralayer hopping parameter γ 0 . Similar to Eq. (8), the nearest-neighbor intralayer hopping of the strained layer is modeled with the ansatz
where r is the distance between nearest neighbors and γ 0 = 3.12 eV is the intralayer hopping parameter of unstrained graphene. A commonly used value for the decay constant is α s = 3.37, which agrees with predictions of the next nearest-neighbor hopping parameter and fits experimental results for dγ 0 (r)/dr [42] . The intralayer hopping parameter for the top layer becomes
as a function of the triaxial strain ε tri . The Hamiltonian of the top layer is then given by
Commensurate structures require that the strain is a rational number:
with m and n coprime integers that characterize the structure. The primitive superlattice vectors and reciprocal superlattice vectors are given by
The SBZ is shown in Figs. 5(c) and (d) for two different structures as the small hexagon with area
Note that the BZ area of the bottom and the top layer is given by
so that the number of reciprocal superlattice vectors inside the BZs of the bottom and top layer is given by n b = m 2 and n t = n 2 , respectively. For the (m = 6, n = 5) structure, we see in Fig. 5(c) that K b and K b are both folded to the Γ point of the SBZ leading to a doubly degenerate cone. The Dirac points of the top layer, however, end up in the K and K point of the SBZ, and the low-energy spectrum around these points consists of single cones. Since the Dirac points of the top and bottom layer are folded to different points, there is no low-energy interlayer coupling. This kind of structure occurs when either m or n is a multiple of three in which case the bottom or top cones are all folded to the SBZ center, respectively. When neither m nor n is a multiple of three, the interlayer coupling is different. As an example, we consider the (m = 5, n = 4) structure which is shown in Fig. 5(b) . The corresponding reciprocal lattice is given in Fig. 5(d) . In this case, there is intervalley coupling between the layers, where K t and K b are folded to the K point and K b and K t are folded to the K point of the SBZ. The difference between the two types of structures can also be understood by considering the lattices in Figs. 5(a) and (b). Structures for which neither m nor n is a multiple of three have an A b atom and a B t atom, as well as a B b atom and an A t atom, located above each other and we expect that the low-energy spectrum resembles that of AA-stacked bilayer graphene. Structures for which either m or n is a multiple of three do not have any atoms located directly above each other, and we expect a decoupling of the layers. Indeed, in this case, there is no interlayer interaction between the cones at all and the Dirac points in the resulting band structure are localized on one layer. This can be verified by calculating the layer polarization of the ith layer,
for a given eigenstate, which is shown in Figs. 6(a) and (b) by the color of the bands. The low-energy spectra of the structures with ε tri = 20% and ε tri = 25% are shown in Figs. 5(e) and (f), respectively. For the structure with ε tri = 20%, the lowenergy physics of the layers are decoupled since the Dirac cones from the unstrained layer are folded to the center of the SBZ, while the cones of the strained layer are folded to the K and K point. Furthermore, the Dirac point of the strained top layer is shifted by about 50 meV downwards in energy. In case ε tri = 25%, the Dirac cones from different layers are folded on top of each other, but they remain largely localized within their respective layer, which can be seen in Fig. 5(f) . This is mostly due to the large momentum separation between the original Dirac points which suppresses the interlayer coupling matrix element given in Eq. (9) . The cone associated with the strained layer is again shifted downwards in energy while the cone associated with the unstrained layer shifts upwards.
The full band structure of these structures is shown along high-symmetry directions in Figs. 6(a) and (b) . There is a noticeable difference between them, since the Dirac points of the bottom unstrained layer are folded to the Γ point for ε tri = 20%, but not for ε tri = 25%. Note that the cones from the strained layer have a smaller Fermi velocity than the cones coming from the unstrained layer due to the triaxial strain. This is clear since the Fermi velocity in the nearest-neighbor model of graphene is given by v F = √ 3γ 0 a/(2 ) [2] , and although the lattice constant of the strained layer increases linearly, the hopping parameter γ t 0 decreases exponentially 43 . The electron-hole asymmetry of the band structure and the DOS, shown in Fig. 6(c) , is again caused by longrange interlayer hopping. The two peaks in the DOS are due to the extrema of the bands in the Γ point, where the peak at lower (higher) energy comes from the strained (unstrained) layer. Note that the peaks coming from the strained layer shift to lower energies with increasing strain because of the decrease in γ t 0 , while the peaks of the unstrained layer remain at E = ±γ 0 . Since the layers are largely decoupled, no prominent new peaks appear in the DOS. However, some avoided crossings appear around which the states are fully hybridized as shown in Figs.  6(a-b) .
Due to the energy shift of the Dirac cones, schematically shown in Fig. 7 , and the fact that they are localized mostly within one layer, charge is transferred between the cones and, therefore, between layers. Straining the top layer increases the carrier density of the top Dirac cone if the Fermi energy is kept constant, because the Fermi velocity is reduced. As such, electrons are transferred from the bottom to the top layer. The carrier concentration of a Dirac cone is given by
where E D is the energy of the Dirac point and E F the Fermi energy. Here we included the spin and valley degeneracy. The Fermi energy is then found by equating the carrier concentrations of the two cones: (33), we obtain the charge transfer between the cones. We can relate this cone transfer to a layer transfer by taking into account the layer polarization from Eq. (32) . If D i is the momentum of the Dirac point of the cones that originally came from the ith layer, only a fraction P b (D b )P t (D t ) of the cone transfer directly corresponds to charge transfer from the unstrained bottom layer to the strained top layer, while a fraction
) is actually related to charge transfer from top to bottom. Their difference gives the total amount of charge transfer from the unstrained bottom layer to the strained top layer:
In Fig. 8(c) , ∆n is shown as a function of the strain. The charge transfer initially increases with the strain, then reaches a maximum and subsequently starts to decrease. We can understand this as follows: Initially, without strain, the energy difference Fig. 8(a) , is maximal and equal to the value in AA bilayer graphene. However, the bands are fully hybridized, meaning that Fig. 8(b) , and in this case the charge transfer vanishes. With increasing strain, the interlayer coupling decreases and the Dirac cones become more localized in their respective layers which leads to an increase of the charge transfer. However, as the layers become increasingly decoupled, the energy difference between the Dirac points keeps decreasing and the charge transfer starts to decrease likewise after reaching a maximum.
Since the charge transfer depends on the strain, this can be regarded as a piezoelectric effect. Furthermore, due to the separation of electrons and holes between the layers, this system can be a promising candidate for excitonic superfluidity 44 . Note that these systems are noncentrosymmetric, as is required for the appearance of a piezoelectric effect 45 . The other aspect of the piezoelectric effect, the internal generation of strain resulting from an applied electric field, can not be studied with the present theory.
Finally, we considered the effect on the charge transfer of a uniform electric field that is applied perpendicular to the layers, which can be modeled by a layer bias potential, given by V 0 for the bottom layer and −V 0 for the top 46 . In Fig. 8(d) , the charge transfer is shown as a function of V 0 . We find that the electric field can be used to tune the charge transfer: increasing V 0 leads to an increase in the layer polarization and the energy difference of the Dirac points, enhancing the charge transfer. Decreasing V 0 initially decreases the energy difference, and hence the charge transfer, until it vanishes and the charge transfer changes sign. For the case of ε tri = 25%, we find that the charge transfer changes sign for V 0 = −0.05 eV. This corresponds to an electric field strength of E ≈ 3000 kV/cm, which is much larger than what is experimentally achievable and therefore implies that the piezoelectric charge transfer is substantially larger than a charge transfer obtained by applying an electric field.
In Fig. 9 , the energy eigenvalues at the K point of the SBZ are plotted as a function of ε tri /(1 + ε tri ). The resulting plot shows a self-similar structure reminiscent of the Hofstadter butterfly for Bloch electrons in a uniform perpendicular magnetic field 47 . This kind of self-similarity is to be expected for commensurate superstructures, and was also found in other bilayer graphene systems with an applied magnetic field, both theoretically 48, 49 and experimentally 50 , and recently in corrugated carbon nanotubes 51 .
V. UNIAXIAL STRAIN
We consider the same system as discussed in the previous section where the top layer of the bilayer system is subjected to tensile stress but now we consider uniaxial stress instead. The lattice vectors and the Hamiltonian of the bottom layer, therefore, remain those of graphene. To study the strained top layer, we again use the strain tensor from Eq. (21) . As an example, we consider two cases for the direction of the uniaxial strain: the armchair direction (θ = 0), shown in Fig. 10(a) , and the zigzag direction (θ = π/2), shown in Fig. 10(b) . The lattice vectors of the strained top layer are then given by
for the armchair direction, and for the zigzag direction. The lattice deformation again leads to a change in the intralayer hopping parameter γ t 0 according to Eq. (24) . However, in this case γ t 0 is not isotropic. The Hamiltonian of the top layer becomes . Herẽ ε is given byε(ε, 0) orε(ε, π/2) for uniaxial strain in the armchair or zigzag direction, respectively, and δ t j = (I 2 +ε)δ b j , are the three nearest-neighbor bond vectors of the top layer. Note that this implies that the Dirac points of the top layer move away from the high symmetry K t and K t points in reciprocal space, since C 3 symmetry is broken. The location of the Dirac points of the top layer D t follows from the condition f t (k) = 0, which gives
with ξ = ± and where ξ = +(−) if the stress is applied in the armchair (zigzag) direction. We also have a + = a(1 + ε), a − = a(1 − σε), η = ±, and i, j ∈ Z. The location of the Dirac points of the top layer is shown in Figs. 10(c-d) . Note that the labels of the high-symmetry points have changed because the SBZ is rectangular for uniaxial strain 52 . In the remainder of this section, we further assume σ = 0 for simplicity.
The primitive superlattice vectors, respectively for the case of strain in the armchair and the zigzag direction, are given by and the corresponding reciprocal superlattice vectors are, respectively, given by
with m and m defined by
with m and n as well as m and n coprime integers. The reciprocal superlattice vectors define a rectangular SBZ for both cases, which is shown in Figs. 10(c) and (d) . The SBZ area becomes
while the BZ area of the bottom and top layer is given by
so that n b = 2m and n t = 2n.
As an example, we consider the (m = 6, n = 5) structure for both strain in the armchair and zigzag direction. For strain in the armchair direction, both K b and K t , and K b and K t are connected by reciprocal superlattice vectors, as shown in Fig. 10(c) . However, due to the fact that the Dirac points of the top layer move away from the K t and K t points, there are no reciprocal superlattice vectors connecting the Dirac points of the two layers and the low-energy spectrum of both layers is decoupled. For strain in the zigzag direction, as can be seen from Fig.  10(d) , there are no reciprocal superlattice vectors connecting any corners of the BZs of the different layers and no reciprocal superlattice vectors connecting the Dirac points of the layers. However, K b and K b are folded on each other, and, therefore, they connect the Dirac points of the bottom layer. This only occurs for structures for which m is a multiple of three.
The low-energy spectra are shown in Figs. 10(e) and (f). For uniaxial strain in the armchair direction there are two clearly separated Dirac points which are localized on different layers. The Dirac points of the bottom layer are shifted by about 50 meV upwards in energy and the Dirac points of the top layer by about the same amount downwards in energy. For uniaxial strain in the zigzag direction the Dirac points of the top layer are folded near the Γ point, while those of the bottom layer are folded to the Γ point. The Dirac points of the top layer are shifted upwards in energy by about 20 meV, while the Dirac points of the bottom layer shift downwards in energy by about 70 meV and are displaced from Γ due to interlayer coupling. These cones consist partly of states associated with the bottom layer and partly of hybridized states. Therefore, we expect that this system also exhibits a piezoelectric effect. For clarity, the lowest four energy bands near Γ are shown in Fig. 11 . The full energy spectra for the case of uniaxial strain in the armchair and zigzag direction along high-symmetry directions are shown in Figs. 12(a) and (b) , respectively. For both cases the interlayer coupling leads to the breaking of electron-hole symmetry and the hybridization of bands from different layers near avoided crossings. The density of states of the two structures are shown in Fig.  12(c) , which again shows the electron-hole asymmetry. Furthermore, the DOS for the case of uniaxial strain in the armchair direction shows extra peaks as compared to the case of uniaxial strain in the zigzag direction, stemming from highly degenerate bands between the X and S points.
VI. MULTILAYER SYSTEMS
The theory presented in Sec. II can be extended to commensurate multilayer systems, allowing the study of a wide variety of superstructures, e.g. combinations of twisted and strained layers or different layers with different twist angles or strain values. The total Hamiltonian for a general N -layer superstructure can be written aŝ
withĤ i 0 the intralayer Hamiltonian of layer i and witĥ U ij the interlayer coupling between layer i and j. Since the interlayer couplingÛ ij has the combined periodicity of layers i and j, this means, following the reasoning in Eq. (6) , that this term only couples states |Φ i,χ k+G of layer i and |Φ j,χ k+G of layer j whose momenta differ by a reciprocal lattice vector G ij of the combined system of layers i and j, i.e. G−G = G ij . The momentum k lies in the BZ of the total N -layer superstructure and G and G are reciprocal lattice vectors of the total superstructure lying in the BZ of their corresponding layers. Similar to Eqs. (10) and (11), we ultimately find
for each layer i, sublattice χ and reciprocal lattice vector of the total system G inside the BZ of layer i. These equations can again be solved to determine the energy spectrum and the eigenstates of the total superstructure. As an example, we consider a trilayer system in which, starting from AAA stacking, the middle layer is triaxially strained. The energy spectrum together with the layer polarization for this system is shown in Fig. 13 . This spectrum is very similar to that of bilayer graphene for which the top layer is triaxially strained, shown in Fig.  6(a) . The Dirac cones associated with the middle layer are located in the K and K points, while the Dirac cones of the outer layers are weakly coupled with each other and are located in the Γ point. Similar to the analysis performed for strained bilayer systems, we can infer that, because of the shifted and polarized Dirac cones, charge transfer now occurs from the outer layers to the middle layer.
VII. SUMMARY AND CONCLUSION
In this paper, we constructed a theory for commensurate faulted bilayer graphene systems based on an expansion of the wave function in terms of the Bloch states of the separate layers. This theory accurately takes the interlayer coupling into account and can be used as a starting point to find the correct low-energy model. We have demonstrated the validity of the theory by first considering the well-studied case of twisted bilayer graphene and found that our results are in good agreement with the literature.
We then considered novel faulted bilayer systems in which triaxial or uniaxial stress is applied to one layer only. We found that, similar to the case of twisted bilayer graphene, there are two types of structures depending on the magnitude of the stress-induced strain. These two structures have a very different low-energy spectrum which can be understood from the interlayer coupling mechanism. For both types of strain, we found that the two layers can become decoupled with Dirac cones localized on separate layers. Because one of the layers is strained, there can be significant charge transfer from one layer to the other, in other words, these systems exhibit a piezoelectric effect. Moreover, we found that the strain-induced charge transfer can be tuned by applying a perpendicular electric field, which can enhance and reduce the charge transfer. Finally, we found a self-similar structure in the energy spectrum of bilayer graphene with triaxial stress applied to the top layer, similar to the Hofstadter butterfly.
Our approach can easily be modified to model other kinds of layered superstructures, for example a combination of twisting and straining one layer in a bilayer graphene system or even multilayer based superstructures, as we discussed in this paper. Furthermore, the existence of layer-separated electron and hole pockets in strained bilayer graphene could be promising for the study of excitonic superfluidity. 
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